Introduction
Coulomb Sturmian functions [1] have proved to be a valuable tool in non-relativistic atomic physics. For instance, they served as a variational set for the determination of atomic energy levels [2, 3] , formed a basis for a discrete expansion of the Coulomb Green function [4] [5] [6] [7] [8] , were used as pseudostates in close-coupling scattering calculations [9] [10] [11] and as an expansion basis in L 2 techniques of the scattering theory [12, 13] (for other examples of applications, with numerous references, see [1, [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] ). The vast range of applicability of the non-relativistic Sturmians suggests that their relativistic counterparts, the Dirac-Coulomb Sturmians, should be equally useful in relativistic atomic physics.
Early attempts to define the relativistic Sturmians [21, 22, 5] , followed by exemplary applications [22] [23] [24] [25] , were based on a Sturm-Liouville problem arising from the secondorder Dirac-Coulomb equation. Recently, more elegant constructions based on coupled first-order Sturm-Liouville equations were proposed by Drake and Goldman [26] and by Grant [27] . We have found, however, that neither the functions of Drake and Goldman [26] nor those obtained by Grant [27] [28] [29] [30] (which he called 'L-spinors') form Dirac-Coulomb Sturmian sets. The basis constructed by Drake and Goldman should not be considered a Sturmian set since it consists of two subsets of functions satisfying closely related but different Sturm-Liouville problems while in accordance with the general theory [31] all Sturmians must be solutions to the same boundary-value problem. In turn, Grant [27] restricted himself to solutions of the defining Sturm-Liouville problem corresponding to a part of the complete spectrum of its eigenvalues. This results in L-spinors that are only † NATO Science Fellow 1996.
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0953-4075/97/040825+37$19.50 c 1997 IOP Publishing Ltd a part of the Dirac-Coulomb Sturmian basis and do not form a complete set, although a set said to be complete [30] can be obtained from L-spinors using projection operators (cf section 4.1).
In the present paper we derive two sets of Dirac-Coulomb Sturmians. In section 2 we construct the Sturmians in a manner which is a generalization of ideas of Drake and Goldman [26] and Grant [27] . An alternative construction yielding a distinct basis is presented in section 3. Relationships between the Sturmians, the functions of Drake and Goldman and the L-spinors of Grant are discussed in section 4. In sections 5 and 6 we derive the Sturmian expansions of the Dirac-Coulomb Green function and the reduced Dirac-Coulomb Green function. The utility of these expansions in atomic physics is illustrated in section 7 where we present results of calculations of the static electric dipole polarizabilities for hydrogenic ions with nuclear charges 1 Z 137.
The Dirac-Coulomb Sturmian functions
Let σ = σ x , σ y , σ z be a vector constructed from the Pauli matrices and let I be the unit 2 × 2 matrix. We introduce the 4 × 4 matrices
and the operators
Following the ideas of Drake and Goldman [26] and Grant [27] , we define the DiracCoulomb Sturmian functions as simultaneous eigenfunctions of the operators K and J z = z + 
satisfying the boundary-value problem 
Here n = r/r is the unit vector along r, E and Z are fixed real parameters such that
α = e 2 /ch (not to be confused with the matrix α) is the Sommerfeld fine structure constant, M κ is the 4 × 4 matrix of the form
and µ κ is an eigenvalue for the problem (4) and (5) . For later convenience, the argument of the radial Sturmians S κ and T κ has been chosen to be 2λr, where
rather than r. After separating the angular part of the problem in the standard way [32] , we find that the radial Sturmians are non-trivial solutions to the Sturm-Liouville problem 
S κ (0) = 0, 
It may be shown (see appendix A) that all eigenvalues of this problem are real (this is a nontrivial result since we deal with the non-standard Sturm-Liouville problem) and therefore hereafter we may choose S κ (2λr) and T κ (2λr) to be real. It is convenient to change the independent variable by the transformation x = 2λr (12) and introduce parameters ε = mc 2 − E mc 2 + E , ζ =αZ.
With this transformation, equations (9)- (11) become
S κ (0) = 0,
It may be inferred from equations (14)- (16) that the eigenvalues µ κ are non-degenerate and that radial Sturmians belonging to different eigenvalues, say µ nκ and µ n κ , are orthogonal in the sense To show this we consider two solutions to the boundary-value problem (14) - (16)
, (S nκ (x) T nκ (x)) and (S n κ (x) T n κ (x)) , corresponding to eigenvalues µ nκ and µ n κ , respectively. Premultiplying the equation satisfied by (S nκ (x) T nκ (x)) by (S n κ (x) T n κ (x))
and vice versa, subtracting the resulting equations, integrating from 0 to x and utilizing the boundary condition (15), we find 
S nκ (x)T n κ (x) − S n κ (x)T nκ (x)
Setting µ nκ = µ n κ in the above equation we get
Utilizing equation (14) we eliminate T nκ (x) and T n κ (x) obtaining 1 S n κ (x) dS n κ (x) dx = 1 S nκ (x) dS nκ (x) dx , µ nκ = µ n κ (20) and after integration S n κ (x) = constant × S nκ (x), µ nκ = µ n κ . (21) Combining this result with equation (19) we get
Since functions differing by a multiplicative constant are equivalent, this completes the proof that eigenvalues µ κ are non-degenerate. Further, setting in equation (18) the upper integration limit x = ∞ and utilizing the boundary condition (16), we have
If µ nκ = µ n κ , this immediately gives the orthogonality relation (17) . The form of the orthogonality relation (17) suggests that it may be convenient to normalize the radial Sturmians in such a way that
so that
With the normalization (24), the sets {(S nκ (x) − µ −1 nκ T nκ (x)) } and {(µ nκ S nκ (x) T nκ (x)) } are biorthonormal with respect to the weight function Z/x. They are also complete over the interval 0 < x < ∞ and the corresponding closure relation is
In equation (26) we have written explicit summation limits that anticipate results obtained later in this section. Three comments are necessary. First, in the normalization condition (24) we have used Z instead of ζ in order to facilitate the later examination of the non-relativistic limit of formulae derived. Second, we have tacitly assumed that the integral on the left-hand side of equation (24) is positive giving rise to the sign plus occuring on the right-hand side. That this is indeed the case can be justified a posteriori using explicit forms of the radial Sturmians (54) and (55) or (60) and (61) and the expression (52) for the eigenvalue µ nκ . Third, the completeness of the sets {(S nκ (x) − µ −1 nκ T nκ (x)) } and {(µ nκ S nκ (x) T nκ (x)) } does not follow from the above considerations. Intuitively, the relation (26) is expected to hold since equations (14)- (16) constitute a Hermitean Sturm-Liouville problem. On the other hand, this is a non-standard Sturm-Liouville problem and therefore one cannot assume a priori that results obtained in the framework of the classical theory [31] remain valid in this case. A proof of validity of the relation (26) , utilizing explicit forms of the eigenvalues µ nκ and the corresponding radial functions S nκ (x) and T nκ (x) obtained later in this section, will be outlined in appendix B.
To find the explicit form of the radial Dirac-Coulomb Sturmians and their corresponding eigenvalues we rewrite equation (14) in the form
Differentiation of both equations with respect to x followed by elimination of the first derivatives yields a system of two coupled second-order differential equations
where
and
Since the coupling matrix C κ does not depend on x, equations (29) may be decoupled by a similarity transformation that diagonalizes C κ
The spectral matrix B κ and the transformation matrix A κ , the latter constructed from (unnormalized) eigenvectors of C κ , are
Denoting
we rewrite equation (29) in the form
where the upper sign should be chosen in the equation satisfied by F κ (x) and the lower one in the equation satisfied by G κ (x). These are the well known Whittaker equations [33] and their solutions that are real and regular at the origin are
where M ηγ (x) is the Whittaker function of the first kind [33] and A κ and B κ are real constants. Hence we have
The tilde indicates that the functions S κ (x) and T κ (x) satisfy the boundary condition (15) but in general not (16) . If the functions S κ (x) and T κ (x) are to be solutions to equation (14) , the constants A κ and B κ cannot be independent. On substituting equations (39) and (40) to equation (14) we get
where the prime denotes differentiation with respect to the argument. Since the left-hand side does not depend on x, the same must be true for the right-hand side. Using the property [33] 
we obtain
The parameters κ, γ κ , ξ κ and η κ are related by
On substituting equation (43) into equations (39) and (40) we obtain solutions to equation (14) satisfying the boundary condition (15) 
where N κ is a real constant. In general, both Whittaker functions appearing in equations (46) and (47) are exponentially growing for x → ∞ and therefore the boundary condition (16) cannot be satisfied. An exceptional situation occurs when the indices η κ and γ κ satisfy the relation
In this case the Whittaker functions M η κ ,γ κ ∓1/2 (x) are square integrable and may be expressed in terms of the generalized Laguerre polynomials (the definition of these polynomials used throughout this paper is taken from [33] , see also appendix E)
The relation (48) yields (cf equation (30)) a quadratic equation for the eigenvalue µ κ ζ µ
with real (cf appendix A) solutions
where, in analogy with the relativistic Kepler problem [34] , we shall call
the 'apparent principal quantum number'. Consequently, the functions
normalized according to equation (24) , decay exponentially for x → ∞, thus satisfying the condition (16) . The case n = 0 requires special examination. The analysis is most conveniently done if the radial functions S (±) 0κ (x) and T (±) 0κ (x) are rewritten in the form containing the confluent hypergeometric function. Utilizing equations (54), (55) and (E47) one has
is a normalization constant. It is to be noticed that the series
Moreover, for κ < 0 we have κ −|κ| = 0 while for κ > 0 we have κ + |κ| = 0 and in these cases the coefficients at the confluent hypergeometric series do not vanish. Therefore, the functions (S 0κ (x)) Sturmian if κ > 0. Thus, instead of using the non-negative subscripts |n| and the superscripts (±), the radial Sturmians and corresponding eigenvalues may be uniquely labelled using integers n = 0, ±1, ±2, . . . according to the convention
with the upper superscript chosen for κ < 0 and the lower one for κ > 0 and
where, irrespective of the sign of κ, the upper superscript refers to n > 0 and the lower one to n < 0. Henceforth this convention is assumed to hold.
In many applications the form of the radial Sturmians (54) and (55) will be inconvenient because of the different orders of the generalized Laguerre polynomials used. However, with the aid of the recurrence relations (E51) and (E52) satisfied by these polynomials, the radial Sturmians normalized according to condition (24) may be rewritten in the form containing only Laguerre polynomials of the same order 2γ κ
In consideration of future applications (cf equations (157)- (159)), we emphasize that the functions S nκ (2λr) and T nκ (2λr) depend on the 'energy' parameter E appearing in the defining equations (4) and (9) not only through the parameter λ, as might be somewhat misleadingly suggested by the notation used, but also through the parameter ε entering the normalization factors. The more appropriate notation would be S nκ (ε; 2λr) and T nκ (ε; 2λr) but we have decided not to use it for the sake of brevity. It is interesting to investigate a relationship between the radial Sturmians and the radial functions of the corresponding relativistic Kepler problem. With the convention that n 0 for Z > 0 and n 0 for Z < 0 (this convention is unique since for κ < 0 there is no n = 0 state if Z < 0 while for κ > 0 there is no n = 0 state if Z > 0) the eigenvalues of the relativistic Kepler problem are (62) while the corresponding radial functions, normalized according to the formula
and expressed in terms of the generalized Laguerre polynomials of the order 2γ κ , have the form
The parameters λ nκ and nκ are defined as
where a 0 is the Bohr radius. Comparison of equations (60) and (61) 
Given the radial Sturmian functions either in the form (54) and (55) or in the form (60) and (61), we may construct the four-component Dirac-Coulomb Sturmian functions
Defining the diagonal matrices
and utilizing equations (25), (26) and (69) we find the orthonormality relation satisfied by
and the corresponding closure relation
The alternative Dirac-Coulomb Sturmian functions
In the preceding section we have constructed the Dirac-Coulomb Sturmian functions { nκm (r, E)} in a way which has been a non-trivial generalization of a corresponding non-relativistic construction [1] . It is interesting that with the Dirac-Coulomb equation one may associate another set of Sturmian functions, 'the alternative Dirac-Coulomb Sturmians' { nκm (r, E)}. In applications the latter functions are equally useful as the Sturmians { nκm (r, E)} but their particular value lies in that with their aid one may define a set biorthonormal to the set { nκm (r, E)}. This allows one to find expansion coefficients of an arbitrary well-behaving spinor function (r) in the set { nκm (r, E)}, a problem which we have not solved in the previous section. We define the alternative Dirac-Coulomb Sturmians as those simultaneous eigenfunctions of the operators K and J z ,
that are solutions to the boundary-value problem
where the eigenmatrix M κ is
with µ κ being an eigenvalue. The radial functions S κ (x) and T κ (x), x = 2λr, are solutions to the Sturm-Liouville problem
It may be inferred from appendix A that the eigenvalues µ κ are real and therefore the radial Sturmians S κ (x) and T κ (x) may be chosen to be real. A reasoning essentially similar to the one following equations (14)- (16) shows that the eigenvalues µ κ are nondegenerate and that eigenfunctions corresponding to different eigenvalues, say µ nκ and µ n κ , satisfy the orthogonality relation
Henceforth we shall assume that the radial Sturmians ( S nκ (x) T nκ (x) ) are normalized according to the condition
With the normalization (80) the sets
nκ T nκ (x)) } are biorthonormal with the weight α −1 /2. They are also complete over the interval 0 < x < ∞ (a proof will be outlined in appendix B) and the corresponding closure relation is
Following the method described in the previous section we find that the eigenvalues µ nκ are given by
and that with the normalization (80) the radial functions S nκ (x) and T nκ (x) are related to the functions S nκ (x) and T nκ (x) by
whence follows the relation between the Sturmians nκm (r, E) and nκm (r, E)
The four-component Sturmians nκm (r, E) satisfy the orthonormality relation
and the closure relation
The matrix V nκ appearing in equations (86) and (87) and the matrix U nκ that we shall use later are defined as
For the sake of completeness of our discussion we notice, that because µ nκ (ε nκ ) = 1, the radial functions S nκ (2λ nκ r) and T nκ (2λ nκ r) evaluated at E = E nκ are related to the radial functions of the relativistic Kepler problem P nκ (r) and Q nκ (r) in the same way as the Sturmians S nκ (2λ nκ r) and T nκ (2λ nκ r), i.e.
The close relationship between the two Sturmian sets { nκm (r, E)} and nκm (r, E) expressed by equations (84) and (85) has an interesting and somewhat surprising consequence. On substituting the relations (84) into equations (81) and (82) we obtain the second orthonormality relation satisfied by the radial Sturmians
Similarly, substitution of the relations (84) into equations (25) and (26) yields the second orthonormality condition for the radial Sturmians
Equations (90)- (93) have important consequences. They imply that the sets {(S nκ (x) T nκ (x)) } and {(S nκ (x) T nκ (x)) } are complete over the interval 0 < x < ∞ and therefore any sufficiently regular two-component function (F (x) G(x)) may be uniquely expanded in either of these sets
with the expansion coefficients defined by
The corresponding orthonormality and closure relations for the four-component Sturmians nκm (r, E) and nκm (r, E) are
and Z r nκm µ
The sets { nκm (r, E)} and nκm (r, E) are complete and any sufficiently regular four-component spinor function (r) may be uniquely expanded in the series
and [27] - [30] , [35] (hereafter denoted as L nκ (r)) are the radial Dirac-Coulomb Sturmians with non-negative values of the radial quantum number n
Basis sets related to the Dirac-Coulomb Sturmians

L-spinors L-spinors
Since the set {L nκ (r)} does not contain the Sturmians with n < 0 (and the Sturmian with n = 0 if κ > 0), it is not complete in the space of two-component radial functions and therefore cannot serve as an expansion basis. To avoid this difficulty one generates the functions
are the projection operators on the subspaces of upper and lower components, respectively. (Notice that the superscripts (±) in equations (107)-(110) have nothing whatever to do with the sign of the radial quantum number n which throughout this subsection is assumed to be non-negative.) This construction yields
The set {L
nκ (r)} has been said [27, 30] to be complete in the sense that any sufficiently regular two-component radial function ( F (r) G(r) ) can be expanded in the way
There is some confusion about L-spinors. First, they were called a relativistic analogue of the Coulomb Sturmian functions [27, 29, 30, 35] but they are only a part of the DiracCoulomb Sturmian set. Further, in spite of claims to the contrary [35] , for the same reason L-spinors cannot form a basis for a discrete expansion of the Dirac-Coulomb Green function (cf section 5). Finally, note that the construction of L-spinors presented in [30] is incorrect. It may be verified by substitution that the functions defined by equations (22.146) and (22.147) of that reference do not satisfy the differential equation (22.145) unless A L = A S = 0.
Drake and Goldman's basis
Another set of radial spinors, which are claimed to be the relativistic Sturmians, {(S nκ (2λr) T nκ (2λr)) }, has been constructed by Drake and Goldman [26] . (For the purpose of consistency with other parts of the present work, we shall use a notation differing from that used by those authors.) The functions S nκ (x) and T nκ (x), normalized according to the condition
are
Apart from unimportant normalization factors, the Drake and Goldman spinors with n > 0 are identical with the n > 0 radial Sturmians constructed in section 2 and satisfy the same boundary-value problem (14)- (16) . However, the spinors with n < 0 coincide with the n < 0 radial Sturmians generated by solving the Sturm-Liouville problem similar to that defined by equations (14)- (16) but with the parameter ε replaced by ε −1 (which corresponds to the transformation E → −E). Since the Drake and Goldman's functions do not satisfy the same Sturm-Liouville problem, they should not be considered Dirac-Coulomb Sturmians although they are very closely related to the latter.
The Sturmian expansions of the Dirac-Coulomb Green function
We define the Dirac-Coulomb Green function [35] - [52] as a solution to the inhomogeneous differential equation
satisfying the boundary conditions (r fixed)
Since the Dirac-Coulomb Sturmians { nκm (r, E)} are a complete set and satisfy the same boundary conditions as the Dirac-Coulomb Green function (cf equations (5) and (116)), we shall seek a solution to equation (115) in the form
where the 'expansion coefficients' † nκm (r , E) are four-component spinors which are to be determined. Substitution of the expansion (117) to the defining equation (115) followed by application of equation (4) yields
and, further,
Premultiplying both sides of the latter equation by † n κ m (r, E)U n κ , integrating over R 3 and utilizing the orthonormality relation (70) we obtain †
Equation (121) is the Sturmian expansion of the Dirac-Coulomb Green function G(r, r ; E). Alternatively, we can seek a solution to equation (115) by expanding it in the basis
The spinor †
nκm (r , E) is easily found to be
and the second form of the Sturmian expansion of the Dirac-Coulomb Green function is
Since G(r, r ; E) is the Green function of the Hermitian operator, it possesses a symmetry property
but at first sight it is not obvious that the expansions (121) and (124) 
The left-hand sides of equations (121) and (126) are equal, the same must be true for the right-hand sides which proves the symmetry relation (125) for the expansion (121) and hence also for the expansion (124).
It is interesting to consider expansions (121) and (124) as functions of the parameter E and to investigate the location of their poles in the interval −mc 2 < E < +mc 2 . It is clear that such poles occur at energies that are solutions of the equation
hence, upon utilizing the definitions (52) and (83), one finds
(with n = 0 excluded for κ > 0) and
(with n = 0 excluded for κ < 0), thus recovering energies of bound states of the relativistic Kepler problem [34] . In many applications it is convenient to separate off the angular part of the Green function and to work with its radial part. Using the explicit form of the Dirac-Coulomb Sturmians we have the partial-wave expansion
where the four functions g (ij ) κ (r, r ; E), i, j = 1, 2, form the radial Dirac-Coulomb Green function G κ (r, r ; E) = g (11) κ (r, r ; E) g (12) κ (r, r ; E) g (21) κ (r, r ; E) g (22) κ (r, r ; E) .
The Green function G κ (r, r ; E) is a solution of an inhomogeneous radial differential equation
with boundary conditions (r fixed)
Sturmian expansions of G κ (r, r ; E) can be easily obtained either directly from expansions (121), (124) and (130) or by solving the radial equation (132) in a manner analogous to that we have just used to construct the expansions of G(r, r ; E). In either case the results are
Considered as functions of the parameter E, the expansions (134) and (135) 
but neither the expansion (134) nor the expansion (135) exhibits this property explicitly. One way to prove that the expansions (134) and (135) do obey the relation (136) is to follow the method used to prove the analogous relation (125) for the Green function G(r, r ; E). An alternative method is based on a suitable transformation of the off-diagonal terms of the radial Green matrix. For instance, for the expansion (134) we have g (21) κ (r, r ; E)
= g (12) κ (r , r; E)
A glance at the off-diagonal terms of the closure relation (26) shows that the last sum in equation (137) 
nκm (r, E) = 
The corresponding radial integral equations are easily found to be
The reduced Dirac-Coulomb Green function
The reduced Dirac-Coulomb Green function [23, 43, 49 ]Ĝ(r, r ; E nκ ) corresponding to the energy level E nκ is defined by the limiting procedurê
where the summations over κ and m include all degenerate atomic states . An equivalent definition isĜ
The partial wave expansion ofĜ(r, r ; E nκ ) has the form
where the sums over κ and m run over all possible values of these indices. The four functionsĝ (ij ) κ (r, r ; E nκ ), i, j = 1, 2, appearing in the expansion (151) form the reduced radial Dirac-Coulomb Green functionĜ κ (r, r ; E nκ ) corresponding to the energy level E nκ G κ (r, r ; E nκ ) = ĝ (11) κ (r, r ; E nκ )ĝ (12) κ (r, r ; E nκ ) g (21) κ (r, r ; E nκ )ĝ (22) κ (r, r ; E nκ ) .
If any of the following conditions is satisfied 
If, in turn, any of the following conditions is satisfied 
In any case, the reduced radial Green functionĜ κ (r, r ; E nκ ) can be obtained by means of G κ (r, r ; E) using the relation
which is an immediate consequence of equations (150), (151) 
S n κ (2λ nκ r) T n κ (2λ nκ r) × µ n κ (ε nκ )S n κ (2λ nκ r ) T n κ (2λ nκ r )
+ 2E nκ −
An illustrative application: the relativistic polarizability of the hydrogen-like atom
In this section we illustrate the applicability of the Sturmian expansion of the Dirac-Coulomb Green function by computing relativistic static electric polarizabilities for hydrogen-like atoms. This problem has been already studied both numerically [26, 53, 54] and analytically [22, 39, 50, 51] (for other relevant references see [51] ). Consider a hydrogen-like atom with an infinitely heavy point-like and spinless nucleus placed in a constant electric field F directed along the z-axis. We assume that the atom is in its ground state, characterized by quantum numbers n = 0, κ = −1 and M = ± 
, with energy
A normalized wavefunction of the atomic ground state is
with the radial functions given by
Here a 0 denotes the Bohr radius. In equations (162), (164) and (165) we have used γ 1 instead of γ −1 , utilizing the fact that γ κ is an even function of κ.
The static dipole polarizability of the ground state of the atom, α d (not to be confused with the matrix α or the Sommerfeld fine structure constant α), is defined through the relation
where E (2) 0,−1 is the second-order perturbation correction to the ground state energy E 0,−1 and is given by
HereĜ(r, r ; E 0,−1 ) is the reduced Green function for the atomic ground state and
is the perturbing potential. Since the perturbation (168) couples only states with different parity, in equation (167) we can use the Green function G(r, r ; E) instead ofĜ(r, r ; E 0,−1 )
Application of the Sturmian expansion (121) gives
Due to the form of the perturbation V (r), the only non-vanishing integrals in the above equation are those containing Sturmians with κ = +1 and m = M or κ = −2 and m = M. Therefore, performing the integration over angular variables we obtain
with
Application of equation (E59) and the representation (60) and (61) of the radial Sturmians yields
the integrals I 1 (n, +1) and I 2 (n, +1) vanish for |n| 3. Substituting equations (176) and (177) into the expansion (172) we get
(for n = 0 we choose the lower signs) with
(for n = 0 we choose the upper signs). By reducing terms with the same |n| to a common denominator it is possible to transform these expansions to much simpler forms. After somewhat lengthy manipulations one obtains
Given +1 and −2 , the polarizability can be calculated from the formula (cf equations (166) and (171))
Equations (182)- (185) have been used to compute numerical values of the polarizabilities for hydrogen-like atoms with 1 Z 137. A subroutine computing the Euler gamma function (x) was based on the Lanczos' expansion [55] (z + 1)
where σ is a parameter at our disposal, ν is a number of terms used in the expansion and the functions H k (z) are defined by the recurrence relation
For x 1 we computed (x) directly from the Lanczos' expansion (186) while for x < 1 we used the reflection formula
We used σ = 5 and values of the coefficients g k taken from [56] . Computed values of polarizabilities are presented in table 1. The number of terms included in the expansion (183) in order to achieve convergence to the number of figures quoted varied from 2 for Z = 1 and 22 for Z = 70 to 625 for Z = 137 (in the latter case convergence to the sixth place after the decimal point was obtained with 60 terms). The results are in excellent agreement with those obtained by Drake and Goldman [26] , Goldman [53, 54] and Le Anh Thu et al [51] .
Conclusions
On the ground of the wide applicability of the non-relativistic Coulomb Sturmian functions one can expect that the Dirac-Coulomb Sturmians constructed in this paper will find numerous applications in relativistic atomic physics. One possible domain of applications are variational atomic structure calculations. In this connexion we notice that several interesting questions arise. For instance, it is possible that since the upper and lower components of the relativistic Sturmians are balanced in a natural way, application of the Sturmian bases in variational calculations will not be plagued by the presence of spurious eigenvalues [26, 53, 59] . Also, it would be of interest to verify whether variationally determined eigenvalues of the Dirac-Coulomb Hamiltonian obtained with the Sturmian bases satisfy the generalized Hylleraas-Undheim theorem [26, 59, 60] . The close relationship between the Sturmians and the monomial bispinor basis of Drake and Goldman [26, 53, 59] suggests the positive answer. One of the most important results of the present paper is the derivation of the Sturmian expansions of the complete and reduced Dirac-Coulomb Green functions. The striking Table 1 . Static electric dipole polarizabilities for hydrogen-like atoms with infinitely heavy point-like and spinless nuclei. The number in brackets following the entries is the power of 10 by which the entry is to be multiplied. The value of the inverse of the fine structure constant and the approximate value of π used were α −1 = 137.035 989 5 (from [57] ) and π 3.141 592 653 589 793 238 462 643 (from [58] simplicity and symmetry of these expansions suggest that they may find applications in highprecision relativistic quantum mechanical and quantum electrodynamical calculations. This was illustrated by computing relativistic static electric dipole polarizabilities for hydrogenlike atoms. Still another field in which the Dirac-Coulomb Sturmians can find applications is the relativistic collision theory. For instance, it would be of extreme interest to perform L 2 discretization of the relativistic continua using the Dirac-Coulomb Sturmian bases. Another possible application is to use the relativistic Sturmians as pseudostates in close-coupling electron-atom scattering calculations and work on this project is in progress.
Appendix B. Proofs of the closure relations (26) and (91)
We have mentioned in sections 2 and 3 that the closure relations (26) (and equivalently (93)) as well as (82) (and equivalently (91)) do not follow immediately from considerations presented therein. The reason is that the Sturm-Liouville problems (14)- (16) and (76)-(78) generating respectively the sets {(S nκ (x) T nκ (x)) } and {(S nκ (x) T nκ (x)) }, although Hermitean, are non-standard and results obtained in the framework of the classical theory [31] cannot be applied here without necessary modifications. Certainly, there must be ways to prove correctness of the closure relations (26) , (82), (91) and (93) using an abstract language of functional analysis [61] but below we shall outline much simpler proofs based on known properties of the generalized Laguerre polynomials. We shall restrict ourselves to proofs of the relations (26) and (91) since the relations (93) and (82) follow immediately from the former.
Consider the relation (91)
which is equivalent to four relations
It is evident that the relation (B11) follows from (B10) after the interchange x ↔ x and therefore it is sufficient to prove the relations (B8)-(B10). In the proofs we shall use two symbols, n + 0 and n − 0 , defined as
Utilizing the explicit forms of the radial functions S nκ (x) and T nκ (x) (equations (60) and (61)) and the eigenvalue µ nκ (equation (52)) we may successively transform the left-hand side of equation (B8) as follows
where the last equality stems from the closure relation (E50). Thus we have proved the correctness of the relation (B8). Consider now the relation (B9). Successive transformations of its left-hand side yield
where again the last equality follows from the closure relation (E50). Thus we have proved the correctness of the relation (B9). Finally, successive transformations of the left-hand side of the relation (B10) give
where the last equality is obvious. This completes the proof of correctness of the closure relation (91). Consider now the closure relation (26)
which is equivalent to the four relations
We observe that the 'off-diagonal' relations (B19) and (B20) follow immediately from the relations (B10) and (B11) and therefore it is sufficient to prove the 'diagonal' relations (B17) and (B18), a task that is a little bit more difficult than proofs of the relations (B8) and (B9). Upon transforming the left-hand side of equation (B17) we have
Before we identify the obtained expression, we shall transform to the same form the lefthand side of the relation (B18)
Consider now the closure relation (E50) in the case α = 2γ κ − 1. Upon utilizing the recurrence relation (E51) we can transform it as follows
Comparison of equations (B21), (B22) and (B23) yields
which completes the proofs of the relations (B17) and (B18) and consequently of the closure relation (26) .
Appendix C. A transformed form of the radial Dirac-Coulomb Green function
In the Sturmian expansions of the radial Dirac-Coulomb Green function (134) and (135), the elements g (ij ) κ (r, r ; E) have been expressed as series with summations running over all, positive and negative, integers. By reducing terms with the same |n| to a common denominator, the expansions may be transformed to forms containing only summations over non-negative integers. After very lengthy manipulations one finds g (11) κ (r, r ; E)
g (12) κ (r, r ; E)
g (21) κ (r, r ; E)
and g (22) κ (r, r ; E)
As should be expected, one has g (12) (r, r ; E) = g (21) (r , r; E).
Exactly the same expansions may be deduced from formulae derived by Zapryagaev and Manakov [24] (see also [35] ). (When dealing with their formulae, one should be aware of that Zapryagaev and Manakov define the Dirac-Coulomb Green function in a slightly different way than we have done in section 5.)
Appendix D. The non-relativistic limit
In this appendix we present non-relativistic limits of some formulae derived in this paper. All limits agree with the corresponding expressions derived previously in the non-relativistic theory [1, 48, 49] . Throughout this appendix λ stands for the non-relativistic limit of the quantity defined by equation (8) Thus for c → ∞ the eigenvalues µ n+1,l and µ n,−l−1 are identical while the functions S n+1,l (x) and S n,−l−1 (x) differ only by a phase factor (this difference is a consequence of our choice of the phase in equations (54), (55) , (60) and (61)).
For the component g (11) κ (r, r ; E) of the radial Dirac-Coulomb Green function we have g 
In the limit c → ∞ the elementsĝ 
Appendix E. The generalized Laguerre polynomials
Different definitions of the generalized Laguerre polynomials are in use (cf, for instance, [33, 34, 63] ) which may lead to confusion. Therefore, in this appendix we define the generalized Laguerre polynomials used in this paper (the definition is adopted from [33] ) and summarize those of their properties that were useful in the present work. 
i.e. 
The following recurrence relations have been used to derive equations (60) and (61) from equations (54) and (55)
The differentiation formula
has been useful in obtaining equations (D38) and (D39) from equations (156) 
frequently encountered in applications, can be calculated from the formula 
is useful.
